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Abstract 

The properties of gauge-invariant composite operators and their correlation functions in = 4 
SYM are discussed in the analytic superspace formalism. A complete classification of the differ- 
ent types of operators in the theory is given. Operators can be either protected or unprotected 
according to whether they do not or do have anomalous dimensions, and the analytic superspace 
formalism allows one to identify which type a given operator is in a straightforward manner. A 
simple discussion is given of the behaviour of reducible multiplets at threshold. It is pointed 
out that there is a class of "semi-protected" operators which do not have anomalous dimen- 
sions but which do not necessarily have non-renormalised three-point functions when the other 
two operators in the correlator are protected, although two-point functions of such operators 
are non-renormalised. A complete discussion of superconformal invariants in analytic super- 
space is given. The paper includes a modified discussion of the transformation rules of analytic 
superfields which clarifies the U{1)y properties of operators and correlation functions and, in 
particular, explicit examples are given of three-point correlation functions which violate this 
symmetry. A tensor, £, invariant under SL{n\m) but not under GL(n\m), is introduced and 
used in the discussion of U{1)y and in the construction of invariants. 



1 Introduction 



Over the past few years there has been a substantial resurgence of interest in four-dimensional 
conformal field theories, particularly supersymmetric ones, largely inspired by the Maldacena 
conjecture relating TIB string theory on AdS^ x to N = 4: super Yang- Mills theory on 
Minkowski space, the conformal boundary of AdS^ [I]. The subject now has an extensive 
literature and there are several review articles to which we refer the reader for lists of refer- 
ences [2, 3, 4]. 

In this paper we discuss the properties of gauge-invariant composite operators and their cor- 
relation functions in N = 4 super conformal field theory, that is to say N = 4 SYM, in four 
dimensions in the setting of analytic superspace. There have been many studies of such opera- 
tors from various points of view but we believe that the analytic superspace formalism has some 
advantages. One is that holomorphic fields which transform under irreducible representations of 
the isotropy subgroup of the super conformal group which defines analytic superspace automat- 
ically transform irreducibly under the full superconformal group [5], and that all operators in 
the theory can be expressed as such holomorphic fields. A second is that it is easy to tell which 
operators will be protected in the quantum theory simply by looking at the representations they 
transform under and whether they can be written in terms of single trace 1/2 BPS operators 
(chiral primaries or CPOs) on analytic superspace [6]. We recall that, as well as short (BPS) 
operators, there are protected operators whose lack of anomalous dimensions was first deduced 
indirectly from the study of correlations functions [7]. In [6] it was noted that this phenomenon 
has a much simpler explanation in terms of representation theory in that the operators con- 
cerned are also subject to shortening conditions. The analytic superspace formalism makes it 
clear precisely which operators will remain short in the quantum theory. In the classical theory 
there can also be operators which transform under short representations but which turn out 
to be descendants of long operators and which therefore acquire the anomalous dimensions of 
the associated long operators in the quantum theory. This has been studied in detail for the 
case of 1/4 BPS operators [8, 9] and again can be understood simply in the analytic superspace 
formalism. This aspect of the theory can be looked at from the opposite point of view. One can 
consider the limit in which the anomalous dimension of a given long operator disappears. For 
some operators this limit results in a reducible representation. This reducibility at threshold was 
studied in great detail in [10] but it can also be understood very simply in analytic superspace. 

The main technical development in this paper is an improved, and hopefully clearer, discussion 
of the transformation of operators in analytic superspace which places greater emphasis on the 
role of the so-called U{1)y "bonus symmetry" group [11]. There is some ambiguity concerning 
the representations of the isotropy group associated with long operators which is related to the 
violation of this symmetry for certain two- and three-point correlators involving such operators. 
We also draw attention to the existence of a class of "semi-protected" operators which are 
ambiguous in this sense and whose three-point correlators with other protected operators may 
not be non-renormalised. These operators, which can be either series A or series B, have the 
property that they saturate one unitarity bound but not both. Such representations were called 
"intermediate short" in [12]. A key role in the analysis of these operators and their correlators 
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is played by a tensor, which we caU £, which is invariant under s[(2|2) but not under gl(2|2).^ 
In addition, one can use this tensor to give a simple discussion of the U{1)y properties of 
superconformal invariants on analytic superspace. 

The main properties of iV = 4 SYM that can be established using the analytic superspace 
formalism are: 1) the protection of operators, i.e. the lack of anomalous dimensions of operators 
transforming under short representations, 2) non-renormalisation theorems for two- and three- 
point functions of protected operators, 3) free-form and non-renormalisation of extremal and 
next-to-extremal correlators of protected operators and 4) the partial non-renormalisation of 
four-point functions of 1/2 BPS operators.^ Of course, point 1 has been discussed from other 
points of view, see, for example, [13], but the analytic superspace formalism makes it clear 
precisely which operators are protected and allows a complete classification of all protected 
operators [6]. For point 2 we note that, although early derivations of results of this type were 
given either from the AdS point of view [14, 15] or in (mainly) pcrturbative field theory [16, 17], 
the analytic superspace formalism allows a compelling non-pcrturbative argument for the non- 
renormalisation of two- and three-point functions of protected operators on the field theory 
side [18]. This argument makes use of the reduction formula, introduced in [11], and can also 
be interpreted in terms of U{1)y symmetry as conjectured (and proved in the two-point case) 
in the same paper. It is applicable to general protected operators and not just the one-half 
BPS ones [19]. As we mentioned above, one has to take extra care when these correlators 
involve semi-protected operators. Points 3 and 4 will not be discussed in this paper (see [4] 
for references), although we again note that the analytic superspace formalism can be applied 
to extremal correlators involving general protected operators, not just one-half BPS superfields 
[19]. 

The N = A superspace approach to AT = 4 SCFT is on-shell in the sense that the underlying 
N = 4 SYM multiplet satisfies the field equations. In fact, one has to use these equations 
to establish the analyticity of operators such as the supercurrent. This circumstance has led 
some authors to criticise this approach and it is indeed the case that one cannot write down 
a path integral nor carry out perturbative calculations in A^ = 4 superspace. However, the 
viewpoint we adopt is somewhat different. We are interested in analysing the constraints on 
the full non-perturbative theory due to superconformal invariance and we can view the N = 4 
formalism as a way of packaging the outcome of quantum calculations which can be carried 
out in any convenient manner, for example, using components. In the component formalism 
the superconformal algebra only closes on the fields modulo the equations of motion and gauge 
transformations and the standard gauge-fixing terms explicitly break super symmetry. All of 
these technical difficulties can be overcome using the BRST/BV formalism for a combined BRST 
algebra which includes the BRST versions of both gauge and superconformal transformations, 
the latter involving space-time independent ghosts [20, 21]. In the study of correlation functions 
of gauge-invariant operators, however, one expects to recover the naive supersymmetry Ward 

^Invariant tensors of this type exist for any sl{n\m) algebra; they can be thought of as analogues of the e- tensor 
in sl{n). 

^It should be noted that these results are predicated on the assumption that the superconformal Ward Identities 
hold in the quantum theory with composite operators; to our knowledge there is no rigorous proof of this currently 
in the literature. 
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identities. Moreover, the use of the equations of motion should be vahd provided that one avoids 
coincident points. In principle, one might encounter difficulties due to contact terms when one 
uses the reduction formula which relates the derivative of an n-point function with respect to 
the coupling constant to an (n + l)-point function which has one integrated insertion of the 
on-shell action, but there is no evidence to date that any such difficulties arise. Moreover, it 
seems that the formalism correctly encodes the expected anomalies in the supercurrcnt due to 
the fact these are local so that the formally analytic expressions for the correlators have to be 
regularised in order to handle quantities that are ill-defined at coincident points.^ 

The organisation of the paper is as follows: in the next section we review the analytic superspace 
formalism and discuss the transformations of operators. The isotropy algebra includes two 
s[(2|2) algebras which are analogous to the two sl{2) spin algebras in ordinary Minkowski space. 
However, tensor fields transform under two g[(2|2) algebras from which one cannot remove 
the supertrace in a canonical fashion. It is therefore natural to use g[(2|2) representations 
and Young tableaux to describe tensor operators. These arc not uniquely determined for long 
operators so that our presentation of the theory differs slightly from our earlier work which 
was largely concerned with protected operators. In section three we classify the operators of 
N = A SYM with examples of each type of operator and discuss reducibility at threshold, 
and comment briefly on mixing for one-quarter BPS and other operators. In section four we 
discuss the U{1)y behaviour of two-and three-point functions. In particular, we exhibit explicit 
examples of correlators which are not invariant under this symmetry and which should therefore 
be subject to renormalisation effects. We show that the two-point functions of a semi-protected 
operator and its conjugate are non-renormalised even though there is a violation of U{1)y 
symmetry in the three-point function involving an additional supercurrent. We also compare 
our results with the earlier conjectures on U{1)y made in reference [22]. In section five we give 
a complete discussion of invariants in analytic superspace, both in coordinate language and in 
the Grassmannian formalism of [23]. The £ tensor is used to give a simple explanation of the 
existence of superconformal invariants which are not U{1)y invariant. We give our conclusions 
in section eight. In an appendix we show how to explicitly convert a superconformal field on 
analytic superspace into a field on harmonic superspace. 



2 Analytic superspace 

Analytic superspaces were introduced in [24] ; for a review see [25] . A harmonic superspace is a 
product of ordinary Minkowski space and a compact complex coset space of the internal sym- 
metry group. A field on harmonic superspace which is both Grasmmann analytic (generalised 
chiral) and analytic with respect to the internal manifold can be written as an unconstrained 
superfield on analytic superspace which has a reduced number of odd coordinates. This is similar 
to the way a chiral superfield can be written as an unconstrained superfield on chiral superspace. 
The general theory of such superspaces realised as coset spaces of complexified superconformal 
groups was developed in [26, 27] (see also [28]) and applied to four-dimensional super Yang-Mills 

^For example, the throe-point function of three supercurrent operators [17] is formally analytic but still encodes, 
amongst other anomalies, the usual triangle anomaly for the SU{4) currents due to the regularisation that is 
required when one has coincident points [14]. 



3 



theories in an earlier series of papers summarised in [29] . 

The analytic supcrspace we shall be using in this paper is a coset of the complexified = 4 
superconformal group P>S'L(4|4) with a parabolic isotropy group. We recall that a parabolic 
subgroup is one which contains the Borel subgroup. For the SL{n) Lie groups the latter can 
be thought of as the group of lower triangular n x n matrices, but in the supersymmetric 
case the Borel subgroup is no longer unique (up to conjugation). The group {P)SL{4:\N) acts 
naturally from the left on C^'^, and the Borel subgroup can again be identified with the lower 
triangular matrices, but one obtains inequivalent Borel supergroups for different orderings of 
the basis elements of C"^'^ with respect to Grassmann parity. The most convenient choice for 
applications to superconformal field theory has the form (2|A^|2) (i.e. (2 even|A^ odd|2 even)). 
For this choice, the parabolic subgroup which defines the analytic superspace we are interested 
in ((4, 2, 2) analytic superspace) consists of supermatrices of the form: 



(1) 



v 



where the bullets denote matrix elements which can be non-zero. The blank spaces can be 
thought of as representing local coordinates for analytic superspace, and these are therefore 
described by four sets of 2 x 2 matrices, two of which have even elements and two of which 
have odd elements. As can be seen from the above diagram, the coordinate supermatrix is not 
actually in standard form so that it is convenient to make another transposition of the basis 
(corresponding to the ordering (2|2|2|2) of C^''^) in order to effect this. We then denote the 
coordinates by 



X 



AA' 



TT 



(2) 



However, we shall adhere to the (2|4|2) notation when labelling representations as this is more 
convenient for Minkowski superspace and also because this is the notation we have used in 
previous papers. 

Geometrically, (4,2,2) analytic superspace is the Grassmannian of planes of dimension (2|2) 
in C^l^. Fields on this space arc naturally what one might call generalised spinor fields, i.e 
they carry A and A' indices which are acted on in a linear way by the Levi subgroup of the 
isotropy group. This group consists of block diagonal elements of the type given in (1) (where 
the blocks have dimension (2|2) x (2|2)). This is analogous to fields on Minkowski space carrying 
primed and unprimed spinor indices . In order to obtain representations of PSL{4\A) it turns 
out that the fields must carry the same number of primed and unprimed indices, while the 
representations will be unitary if all the indices are downstairs (covariant) . The Levi subalegbra 
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is ps(0l(2|2) ©gl(2|2)), but tensor fields will transform naturally under the two 0l(2[2)s (acting 
on primed and unprimed indices). Since the unit (n|n) x (n|n) matrix has vanishing supcrtrace, 
it is not possible to remove the supertrace from these algebras in an invariant way, and so it is 
convenient to regard the tensor indices as g[ indices, despite the fact that the fields are labelled 
by representations of the two sl subalgcbras and an additional charge (the overall P being taken 
care of by having equal numbers of primed and unprimed indices as we have remarked above). 
In general there will be many g[(2|2) representations which correspond to the same s[(2|2) 
representation and this will play a role in the discussion of the U{1)y properties of various 
correlators to be discussed below. Before studying fields and correlators on analytic superspace 
we make a few remarks about ordinary four-dimensional (complex) Minkowski space which is 
again a Grassmannian; it is the space of 2-planes in C^. 

2.1 Minkowski space 

Complexified Minkowski space can be represented as a coset space of 5^(4), where SL{A) is the 
complexified conformal group, with isotropy group consisting of matrices of the form 

• • • 

v • • • 

This space has coordinates x""'. The block-diagonal (Levi) subalgebra of the corresponding 
Lie algebra is s{q{{2) © 0l(2)) ~ sl(2) ® sl(2) © C.^ Conformal fields on Minkowski space have 
various 5l(2) indices a, a' and a dilation weight L which specify their transformation properties 
under the isotropy group. For irreducible representations of the isotropy algebra, only the block 
diagonal part, the Levi subalgebra, acts non-trivially. If we denote an element of 5g G 5 ((4) by 

then a conformal field 0{x) will transform in the following way: 

50 = V0 + n{A{x))0 + n\D{x))0 + QA0 (5) 

where 



(3) 



(Vx)"'*' = B'^'^' + A'^px^''' + x'^^'Dp,''' + x'^^'Cp^px'^'^' 
A{xrp = A-p + x-f^'Cp^fs 
D{x)J' = D^,P' + C^,^x''P' 

A = tr(^ + xC) = tr{D + Cx) . (6) 
*In real Minkowski space the two Sl{2) groups become complex conjugates of each other and C becomes M. 
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7^ and TZ' denote representations of the two 0t(2) algebras, and Q = L — ( Ji + J2) where Ji and 
J2 are the spin quantum numbers of the two sl{2) algebras. It is assumed that the represen- 
tations TZ and TZ' are given by Young tableaux with only one row, i.e they correspond to sl{2) 
representations. Such a field (provided that it satisfies appropriate differential constraints) will 
correspond to an irreducible highest weight representation of sl(4). A useful way of specifying 
such representations of simple (super) Lie groups is by assigning a number to each node of the 
corresponding (super) Dynkin diagram. These numbers give the highest weight of the represen- 
tation which in turn uniquely specifies the entire irreducible representation. Furthermore one 
can specify a parabolic coset space by putting crosses through some nodes of the Dynkin diagram 
[30].'^ The resulting diagram can then be used to read off the transformation properties of the 
field on this space which carries the representation of the (super) conformal group in question. 

In complex Minkowski space, therefore, representations of the complex conformal group sl(4) 
can be encoded in the following diagram: 

ni 712 m 

• ^ • (7) 

Here the three nodes are the Dynkin diagram for sl{4), the numbers above the nodes specify 
the representation we are interested in, and the cross through the central node tells us we are 
interested in Minkowski space. If we wish to find out which field on Minkowski space carries this 
representation we can read this directly from the diagram. As we have already noted, to specify 
a conformal field on Minkowski space one needs to specify the representation of 5l(2) ©s[(2) ©C 
which acts linearly on the field. But the crossed through node splits the Dynkin diagram up 
into two 5 ((2) Dynkin diagrams (consisting of single nodes) and a crossed through node. The 
numbers above each single node gives the representation of each sl{2) and the number above 
the crossed node gives the C charge. Specifically, the above diagram corresponds to a field with 
ni = 2Ji symmetrised unprimed spinor indices, = 2J2 symmetrised primed spinor indices, 
and dilation weight L = —n2 — l/2(rai +ns). In addition, fields on Minkowski space must satisfy 
differential constraints in order to carry irreducible representations of the conformal group. For 
example the representation with Dynkin labels ni = ns = 0, n2 = — 1 corresponds to a massless 
scalar field and therefore satisfies the massless Klein-Gordon equation. 

A given 5 ((2) tableau with m boxes can be described in gl{2) by any two-row tableau of the 
form < mim2 > where mi and m2 specify the number of boxes in the second and first rows of 
the gl{2) Young tableau respectively (this unusual notation ties in with the supersymmetric case 
later), and where m2 — mi = m. This means that, instead of using the representations TZ and TZ' 
corresponding to single-row tableaux with rii and ns boxes respectively, we could equivalently 
use a field specified by the labels (< mim2 X m[m'2 > Q), where we use two-row Young 
tableaux to specify the representations of the two qI{2) algebras. In order to describe the same 
representation as before we must have mi — 1712 = ni, m'l — m'2 = while Q = Q + (mi -|- m'^). 
In other words, we may use a field which transforms under any representations iZ, iZ' which 
correspond to the same representations as TZ,TZ' under the sl(2) subalgebras of the 0[(2)s, 

*For s[{n) the crosses reduce the algebra to a direct sum of simple subalgebras and a number of abelian 
subalgebras, one for each cross; this diagram then represents the Levi subalgebra directly and the parabolic is 
obtained by filling out block diagonal elements of s\{n) to block lower-triangular matrices 
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provide that we change the value of the charge Q appropriately. 

This is a rather trivial manoeuvre in the present example, but it will be useful in the = 4 
case as we shall see below. The main reason for the difference is that N = A analytic superspace 
also carries an action of U{1)y, and the charge of a given field under this group will be different 
for different choices of 0t(2|2) tensor representations. 

2.2 Fields on analytic superspace 

Representations of SL{A\N) are specified by the quantum numbers {L, R, Ji, J2, ai, . . . ,ap4) 
where L is the dilation weight, R is the R-charge, Ji and J2 are spin labels and (ai, . . . , oat) are 
SL{N) Dynkin labels. In N = 4, representations of PS'L(4|4) are representations of S'L(4|4) 
which satisfy the constraint R = 0. They are therefore specified by the quantum numbers 
(L, Ji, J2, oi, 02, 03). The Dynkin diagram for superfields on analytic superspace carrying such 
representations of the N = A superconformal group is 

ni n-2 ng 

• e • X • e • (8) 

We see that the single cross splits the Dynkin diagram into two smaller Dynkin diagrams which 
each represent 5[(2|2), the crossed-through node again representing a C charge. The white nodes 
correspond to odd roots and the number and position of such nodes depends on the choice of 
basis of C^l^ that has been chosen; the one we are using here corresponds to the ordering (2jA^j2). 
The two 5 1(2 1 2) sub-Dynkin diagrams have a single central white node and correspond to the 
usual basis ordering (2|2) of C*^^'^). 

The quantum numbers are related to the super Dynkin labels by 

ni = 2Ji 

n2 = \{L-R) + Ji + M.-M^ 
n2+i = Oj (i = 1 . . . 3) (9) 
ne = i(L + i?) + J2-f 
nr = 2J2 

where M is the total number of boxes in the Young tableau of the internal sl(4) representation, 
and Ml is the number of boxes in the first row of this tableau, i.e. 

3 3 
M = ^/cajk Mi = ^ai (10) 
k=l k=l 

Prom (9) we see that 

R = ^{ni - 2n2 - n^) + ^{n^ + 2n6 - nr) (11) 
so that the representations that we are interested in, which have R = 0, satisfy the constraint 
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/ := ns + 2n2 — ni = ns + 2nQ — wj. 



(12) 



We shall see in a moment that this corresponds to tensors on analytic superspace which have 
the same total number, /, of primed and unprimed indices. In terms of the Dynkin labels the 
dilation weight L is given by 

6 

L = ^ nj - (m + n-j) (13) 

i=2 

In the field theory context we are interested in unitary representations (of the real superconformal 
group) [31]; there are three series of such operators (for general N) and they satisfy certain 
unitarity bounds: 

Series A: L > 2 + 2 Ji + 2Mi - f L > 2 + 2 J2 + f 

L> I + M1 + Ji, J2 = or 

(14) 

L> I + M1 + J2, Ji =0 
Series C : L = Mi = f J^ = J^ = Q 

For N = A, these bounds can be rewritten in terms of the Dynkin labels as follows: 

Series A : n2 > ni + 1, uq > + 1 

Series B : n2 > ni + 1, = 0, = (15) 

Series C : n2 = 0, uq = 0, ni = ny = 

(or ni — > ny, 712 — >■ for series B.) 

These bounds will be satisfied if the tensor representations of the two 9t(2|2) algebras carried 
by the superfields correspond to proper Young tableaux (see below) for covariant tensors. 

As in the case of Minkowski space, if we are given a representation of the superconformal 
group, we can find a corresponding analytic superfield which carries that representation: the 
Dynkin labels specifying the representation of s[(4|4) in question also specify the representa- 
tion of s[(2|2) ® 5((2|2) C which the superfields carry linearly (in practice as tensors with 
superindices). To carry this out we need to know how to convert from s[(2|2) Dynkin labels to 
Young tableaux so that we can explicitly write down the tensor fields. However, as we remarked 
above, it is easier to consider the tensor indices A, A' as 0l(2|2) indices, and so we shall use 
Young tableaux for this bigger group. 

An important difference between fields on Minkowski space and fields on analytic superspace 
is that on analytic superspace all holomorphic, irreducible tensor fields automatically carry 
irreducible representations; no differential constraints need to be imposed as in the case of fields 



Series B : L = f; 

L = 2mi- f; 
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on Minkowski space [5]. This is very similar to what happens in twistor theory where irreducible 
representations of the conformal group (for example massless fields in Minkowski space) are given 
by cohomology classes on twistor space without constraints (see [30]). In the supersymmetric 
case, however, one only needs the zeroth cohomology classes (i.e. holomorphic superfields) on 
analytic superspaces. This property enables one to write down solutions to the superconformal 
Ward identities without having to solve differential equations. 

2.3 0l(2|2) Young tableaux 

Superconformal operators on (4,2,2) analytic superspace have superindices which can carry 
either 5[(2|2) or g[(2|2) representations (as compared to conformal operators on Minkowski 
space which have spinor indices carrying representations of s[(2) or 0[(2)). Representations of 
the left 5l(2|2) algebra arc determined by the three Dynkin labels {ni,n2,n^) and those of the 
right s[(2|2) algebra by the three labels (717,71^,715) corresponding to the left and right halves 
respectively of the diagram (8) . 

As in the case of purely bosonic simple Lie algebras, all finite dimensional representations of 
s[(2|2) with integer coefficients can be obtained by tensoring together copies of the fundamental 
and/or anti- fundamental representation (which are inequivalent for supergroups) and taking 
certain (anti-)symmetric combinations which are given in a Young tableaux [32]. The Young 
tableaux is interpreted just as for purely bosonic groups (the number of boxes corresponds to the 
number of indices, rows correspond to symmetrised indices and columns to anti-symmetrised) 
with the difference that the terms symmetrised and anti-symmetrised are generalised to take 
into account of the fact that some of the indices are odd. This implies that there is no limit to 
the number of boxes in a given column. However, the tableau in the form of a 3 x 3 square is 
identically zero, for symmetry reasons, and so the tableaux are restricted to have the form given 
below, with only the two left-most columns having arbitrary length. Wc note that the tensor 
product of representations can be computed by multiplying tableaux together. The rules for 
this are the same as in the bosonic case, but any tableau in the product which contains a 3 x 3 
square sub-tableau can be discarded. 

The unitarity conditions (14) imply that the unitary representations are those obtained by 
tensoring the anti- fundamental representation of s[(2|2). However, as we remarked above, it is 
convenient to work with £|t(2|2) tableaux. The most general such Young tableau that can be 
obtained has the form: 
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m2 






nil 




m4 









(16) 



where nii denotes the number of boxes in the indicated sections of the Young tableaux. We 
will denote this Young tableau by < mi, 7712,7713,777,4 >. A diagram will be said to be proper if 
mi < m2, ms < m4 and if m2 7^ 0, m3 > 1, while if m\,m2 7^ 0, ma > 2. This diagram is 
related to the Dynkin labels {rii} by 

m4 — m3 = 773 

m^ + m2 = 772 (17) 
m2 — mi = 77i. 

We get a similar Young tableau < m'l, m2, m3, m4 > for the right st(2|2) algebra with 

m'4 — m'^ = 775 

mg + m2 = 776 (18) 
m'2 — m'l = 777. 

Since there are only three numbers which determine each representation of 5l(2|2) and there are 
four numbers determining the Young tableau, in general we can have different tableaux giving 
the same 5[(2|2) representation. This must be the case as the Young tableaux also give repre- 
sentations of g[(2|2) and different 0[(2|2) representations may correspond to the same sl(2|2) 
representation (just as in the case of Minkowski space we can have different 01(2) representations 
corresponding to the same 5 1(2) representation). Specifically, 

< mi, m2, m3, m4 >~< mi — m, m2 — m, m3 + m, m4 + m > (19) 

for any integer m, such that 2 — m3 < m < mi (here '~' means 'corresponds to the same sl(2|2) 
representation as'.) In particular for any sl(2|2) representation there is always a Young tableau 
with mi = corresponding to this representation. We refer to this choice of Young tableau as 
the canonical form of the representation. 

One way of interpreting this is in terms of a tensor which is invariant under sl(2|2) but not 
under 0[(2|2). This can be considered to be an analogue of the e-tensor. In si{2) the tableau 
< 1, 1 > (two boxes in a column) is equivalent to the trivial tableau, so that one can deduce 
the existence of a two-index antisymmetric tensor which is invariant under st(2), but not under 
£|[(2). In 5l(2|2) the tableau < 1,1,2,2 > (two rows each with three boxes) is equivalent to 
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the tableau < 0,0,3,3 > (two columns each with three boxes), so that there is a tensor with 
6 covariant indices in the symmetry pattern of the first tableau and 6 contravariant indices 
in the symmetry pattern of the second tableau which is invariant under 5[(2|2) but not under 
0[(2|2); it transforms by a factor of the superdeterminant under the bigger group. We shall refer 
to this tensor as £. There is also an inverse tensor for which the covariant and contravariant 
symmetry patterns are interchanged. If we start from a tensor in a representation with mi = 
we can obtain a tensor in the representation with mi = m by applying £ m times (together with 
appropriate projections). We shall write this operation schematically as £{m). 

As well as the tensor representations of s[(2|2), with integer Dynkin labels [a, (a + 6), c], there 
are also representations with b non-integral. We call these quasi-tensor representations. In 
the superconformal field theory context unitarity implies b must be real and greater than one, 
with the limit 6 = 1 (discussed in subsection 3.2) giving rise to reducible representations. For 
simplicity we can think about the case [0,6,0]. For b a positive integer the canonical Young 
tableau for this representation is < 0,0,6,6 >, i.e. a two-column tableau with 6 boxes in each 
column. The other possible tableaux will be of the form < k, k, b — k, b — k >. The representation 
with 6 = 1 is short but all of the others, with 6 > 2, have the same dimension. We can therefore 
realise such representations on fields which may be chosen to have the same index pattern as 
< 0, 0, 2, 2 >. If p = 6+ 2, we shall denote such a field by 0[p, 0]. Instead of using the canonical 
tableau we could have used, for example, the tableau < 1, 1, 6— 1, 6— 1 >. Again all such tensors 
have the same number of components and can therefore be represented on fields which have the 
same index pattern as the tableau < 0,0,2,2 >. We denote such a field by 0\p — 1, 1]. The 
two representation spaces are isomorphic and are related by an isomorphism which we can again 
denote by £, so 0\p — 1,1] = £0\p, 0]. All of this continues to make sense for 6 real, 6 > 1, so 
that we can extend the notion of the £ tensor to the case of quasi-tensors. 

2.4 Field transformations in analytic superspace 

For any unitary irreducible representation we are now in a position to be able to give a superfield 
on analytic superspace which carries this representation. If the representation has Dynkin labels 
[nin2 . . . ny] (which can be obtained from the usual quantum numbers from (9)) then we denote 
by TZ,TZ' the left and right representation of s[(2|2) respectively. In practice these will be 
specified by tensor indices, symmetrised according to Young tableaux as described above. There 
is some ambiguity as to how to do this, so we will choose the canonical Young tableau, with 
mi = 0, that is 



The total number of indices of the representation TZ, given by the number of boxes in the 
corresponding Young tableau, is 



TZ = < 0,ni,n2 — ni,n3 + n2 — ni > 
TZ' = < 0, n7,n6 — n7, ns + ne — ny > 



(20) 
(21) 



/ := 713 + 2n2 -ni =n5 + 2nQ — n-j. 



(22) 
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This equality occurs because we are only considering representations of 5*^(414) with zero R- 
charge (equivalent to studying representations of PSL{4\4)) and this translates into the condition 
that the number of indices of the TZ and TZ' representations is the same. 

We denote a general operator by O^^^, where Q = L — Ji — J2 for canonical tableaux. Under 
an infinitesimal superconformal transformation specified by an infinitesimal s[(4|4) matrix 

where each entry is a 0t(2|2) matrix and where str(^) = str(D), an operator O^^, transforms 
as 

50g^, = VOg^, + 7^(^(X))0g^, + n\D{X))Ol^, + QAOg^,. (24) 

where 



VX = B + AX + XD + XCX (25) 

A{X) = A + XC (26) 

D{X) = D + CX (27) 

A = str(^ + XC) = str(Ll + CX). (28) 

Here V is the vector field generating the transformation. A{X) and D{X) are 0((2|2) matrices 
rather than 5[(2|2) matrices, but the Young tableaux define representations of this group as well 
and so TZ{A[X))^ TZ{D{X)) make sense. Note that the unit (4|4) x (4|4) matrix does not act 
on analytic superspace, and if we only consider superfields that have equal numbers of left and 
right superindices, then the identity matrix does not act on the superfield indices either so we 
automatically obtain representations of ps[(4|4). 

2.5 U{1)y and PG'L(4|4) transformations 

Although the unit matrix does not act on analytic superspace there is nevertheless a non-trivial 
action of the algebra p0[(4|4) which extends pst(4|4) by an abelian algebra. We shall refer to 
the corresponding abelian group as U{1)y even though in the complexified setting it is really 
a C* := C \ {0} group. In the free theory, this group is a symmetry, and we can extend the 
ps[(4|4) transformations to p5[(4|4) transformations. For the infinitesimal transformations we 
are considering this simply amounts to removing the condition stT{Sg) = (that is, we drop the 
constraint str(A) = str(L')). The transformation of X looks exactly as before (25), but now the 
matrices A and D are unrestricted. 



If we consider an gl(4|4) transformation given by a diagonal matrix with 

1 / ao/(2|2) 

2 V ai/(2|2) 
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where I{2\2) denotes the unit tensor acting on C^'^, and similarly for D, we find the transforma- 
tions 



5x = SX (30) 

SX = i(s + s' + A')A (31) 

67r = ^(s + s'-A')A (32) 

6y = s'y (33) 



where 



s = ^(ao + do) (34) 
s' = ^{ai + di) (35) 
A' = ^{ao - ai - (do - di)) = -^str{Sg) (36) 

The parameters ,s and s' correspond to dilations and internal dilations respectively, and we can 
identify A' as the C/y(l) parameter which acts only on the odd variables. Note that 

A' = ^{str{A + XC) - str(D + CX)) = ^(str(A - D)) (37) 

There is some ambiguity in the extension of the definition of A (equation (28)) to this case. We 
shall take it to be 

A = ^ (str (^ + XC) + str (D + CX) ) (38) 

This definition is difi"crcnt to the one used in our previous papers, but has the advantage that 
the free field-strength superfield can be assigned zero U{1)y charge, Q'. We recall that this 
superfield, which has quantum numbers (L, Ji, J2, oi, 02, 03) = (1,0,0,0,1,0), or, equivalently, 
super Dynkin labels [0001000], is represented on analytic superspace as a single-component 
superfield W with Q = 1. In other words, W transforms as 



SW = VW + AW (39) 

under a p0[(4|4) transformation. Here V is the vector field which generates pg[(4|4) transforma- 
tions on analytic superspace: it has the same form as (25) but with the constraint str^ = strD 
dropped. 

Let us now consider the transformation of an arbitrary operator O^^, {X) on analytic superspace 
under the extended algebra p£|[(4|4). The field is specified by the ten labels (< mim2m^mi >, 
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< m'im2m2m'^ >,Q,Q'), but one only needs seven to specify a representation of this group. 
Since the number of primed and unprimed indices are equal we have ^nii = ^m'^, so that 
only 9 of the labels are independent. Furthermore, we can alter the representations TZ and TZ' 
without changing the way the field transforms under the two s[(2|2) algebras, and still have the 
same representation provided that the charges are also adjusted. Thus two more of the labels are 
redundant and the representation is therefore specified by seven quantum numbers as expected. 
The transformation of the field is given by 

60^% = (V + n{A{X)) + Tl'iDiX)) +QA + Q'A') (40) 

To see what happens when we change the 0((2|2) representations, suppose that TZ and TZ are two 
representations given by the Young tableaux < 771,11712777-3771-4 > and < fhifh2fh^rh4^ > respectively 
where rhi = nii +m, 777-2 = 1^2 + n^i 'ni^ = ra^ — m,, 777.4 = "^-A — m, so that the two representations 
correspond to the same representation in ,s[(2|2). If A G 0((2|2) one has 

■JZ{A) = £{m)n{A)£{m)-'^ +mstiA (41) 
and so we find (with a similar change of representation for the primed algebra), 

iZ{A{X)) + 1Z'{D{X)) + QA + Q'A' ~ TZ{A{X)) + n'{D{X)) + QA + Q'A' (42) 

where 

Q = Q-(m + 777'); Q' = Q' - (777 - 777') (43) 

So we can change the g[(2|2) representations that a field transforms according to, while preserv- 
ing the .sl(2|2) representations, provided that we adjust the charges accordingly. 

In the free N = A SYM theory, any unitary representation can be written on analytic superspace 
in terms of free Maxwell superfields such as W and derivatives Oa'A and will have the schematic 
form d^W^ . We can form irreducible operators by projecting the / primed and unprimed indices 
onto irreducible 0l(2|2) representations «S,<S', thereby obtaining an operator which we denote 
by It will transform under p0[(4|4) transformations according to the formula (40) with 

TZ, TZ' replaced by S, S' and Q' = 0. A simple example of such an operator is the supercurrent 
T := tr(VF^); this has no indices and hence corresponds to trivial tableaux, and since it has two 
powers of W it has Q = 2. The Konishi superfield, on the other hand, is given in the free theory 

by 

Oab,A'B' = di^A{A'WdB)B')W - ^d^^A{A'dB)B'){W^) (44) 

where both pairs of superindices are symmetrised. So there are Q = 2 Ws and it has left and 
right Young tableaux < 0,0, 1, 1 >. 
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For any such operator we can change the tableaux S, S' determined by the symmetry properties 
of the indices to the corresponding canonical tableaux TZ,Tl' for which mi = m[ = 0; we can 
thereby obtain an equivalent operator which will describe the same representation of p0l(4|4) 
provided that we change the charges Q and Q'. So we have 



where, if S corresponds to the tableaux < mi-.m^ >, TZ corresponds to the tableau < 0,m2 — 
mi, m3 + mi, + mi >, and similarly for {S', TZ'), and where 



Thus any tensor operator of this type has well-defined properties under the group PGL(4|4). 
We shall say that the operator O'^g, has U(1)y charge mi — m'l. In fact, the U(1)y change of 
the highest weight state is mi — m'^ + (Ji — J2). 

This can be generalised to the interacting quantum theory. The quantum numbers of a given 
operator will not change, with the possible exception of the dimension which may become 
anomalous. So the Young tableaux and Q charge can be assigned in a straightforward way, 
and again we will obtain operators with Q' = mi — m'^. However, not all operators in the 
free theory can be straightforwardly generalised to the interacting classical theory as fields 
on analytic superspace. This is because the field strength superfield W transforms under the 
adjoint representation of the gauge group and is covariantly analytic. It is therefore no longer 
a holomorphic field on analytic superspace. Moreover, there is no notion of a gauge covariant 
derivative Va'A on this space. The operators that cannot be written in terms of gauge-invariant 
products of Ws and derivatives of these in the interacting theory can be either long operators like 
the Konishi operator or descendants of long operators. Note that, for example, the interacting 
Konishi operator can be written as a field, component by component, on analytic superspace 
even though it cannot be written in terms of derivatives and Ws. 

The protected operators are those which can be written in terms of derivatives and gauge- 
invariant products of Ws and which are in shortened representations (possibly series A). Such 
operators saturate a unitarity bound and have either n2 = wi -|- 1 or both ni = n2 = and/or 
similar constraints for n^, ne. When constraints of this type are satisfied for either £|[(2|2) tableau 
then it is easy to verify that this tableau must be in canonical form, i.e. mi = 0. For more 
general operators this is not the case, but we can nevertheless bring the tableaux to canonical 
form as long as we change the charges Q and Q' . If the original, naturally defined, operator 
has mi 7^ m'^, then the form of the operator with canonical tableaux will have non-zero U{1)y 
charge given by mi — m[. However, as we shall see below, there is nothing in principle to stop 
long operators which transform under the same representation of PS'L(4|4), but which have 
different U{1)y charges, mixing in the quantum theory, so that U(1)y charge will only be a 
good quantum number for the protected operators 



0% 




(45) 



Q = Q + (mi -I- m'l); Q' = mi - m'l 



(46) 
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3 Classification of operators 



In this section we summarise the results that can be estabhshed for various operators in N = 4 
SYM using the analytic superspace formalism. It is possible to write down explicitly all operators 
in the free theory on analytic superspace as unconstrained superfields and this perhaps provides 
the simplest way of finding the full spectrum of gauge invariant operators in the theory. It would 
be very interesting to compare this with recent results concerning the spectrum of string theory 
in AdS5 X [33]. 

3.1 Classification 

We begin with the free theory. In this case there are no anomalous dimensions and one can 
explicitly construct examples of operators which transform according to any irreducible repre- 
sentation of the superconformal group from products of free field strength tensors and analytic 
superspace derivatives [34]. If we now suppose we have — 1 of these which transform under 
the adjoint representation of a rigid SU{Nc) symmetry group and we demand that our operators 
be invariant under this group, then not all representations of the superconformal group will be 
permissible. 

Now let us consider the classical interacting theory where the SU{Nc) group is taken to be a 
gauge group and the operators are required to be gauge- invariant. Among the operators listed 
above there will be those which involve derivatives acting directly on Ws. However, since there 
is no gauge-covariant derivative on analytic superspace, such operators will not generalise to 
the interacting case as operators on analytic superspace. These operators can be of two types: 
operators which become long, such as the Konishi operator, and descendants of long operators 
which will not exist as separate operators in the interacting quantum theory. The remaining 
operators can be constructed from products of the single trace 1 /2 BPS operators and ordinary 
analytic superspace derivatives. These operators can be either long or short. 

Finally, let us consider the interacting quantum theory. The operators which were allowed on 
analytic superspace classically will split into two groups: those which are subject to a shortening 
condition which will be analytic tensor fields constructed from derivatives and products of single- 
trace 1/2 BPS operators, and those which are not short. The latter will not saturate any 
unitarity bound and this means that there are nearby representations with the same number of 
components but with anomalous dimensions. Such operators arc therefore unprotected and will 
develop anomalous dimensions. In the quantum theory they will therefore become quasi-tensor 
superfields on analytic superspace. We note that the protected operators also divide into two 
classes: there are those which satisfy two unitarity bounds and which, as we have seen, have 
unique 0l(2|2) Young tableaux and there are also some operators which satisfy only one unitarity 
bound. These operators will have one fixed tableau and one which is ambiguous. 

It should be noted that there is a subtlety in the precise definitions of the components of some 
protected operators which can mix with operators in the same classical representation but which 
are descendants. This was observed in [8] for the case of one-quarter BPS operators and further 
details were given in [9]. One anticipates that a similar phenomenon should occur for some 
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series B and short series A operators. This comphcation does not affect the classification we 
have given above, although one might say that a more precise statement is that there is a one- 
to-one correspondence between operators which can be written on analytic superspace in terms 
of derivatives and single-trace 1/2 BPS operators and protected operators in the full quantum 
theory. 

A possible explanation of this behaviour in perturbation theory is as follows: in the free theory 
the descendant one-quarter BPS operators are short multiplcts and so can (and do) mix with 
operators in the same representations which are not descendants. However, as soon as the 
coupling is switched on the descendants cease to exist as independent multiplets and become 
part of irreducible long multiplets. Superconformal symmetry would therefore imply that they 
cannot mix with the true one-quarter BPS operators. One would therefore expect the mixing to 
occur only at zeroth order in the coupling; there should not be any quantum corrections. Indeed 
the quarter BPS operators found in [9] have been shown to remain unmodified at order [35]. 

There are also operators such as the Konishi operator which are reducible in the classical inter- 
acting theory but which become irreducible in the quantum theory after they acquire anomalous 
dimensions. In the quantum theory they can therefore be represented by quasi-tensor super- 
fields on analytic superspace. It is easiest to see what happens to these operators in the classical 
limit by switching off the anomalous dimension at which point we find that the representation 
becomes reducible. 

We now list the different types of gauge-invariant operators in A?^ = 4 SYM and give some 
examples. 

CPOs 

The simplest protected operators are the single-trace one-half BPS operators (CPOs) which 
have the form Aq := tv(W'^). These operators are in one-to-one correspondence with Kaluza- 
Klein states of IIB supergravity on AdS^ x S^. This fact was pointed out in [36], although this 
family of operators had been considered as analytic superfields previously [37]. Indeed, one can 
explicitly derive the relation between the supergravity and field theory multiplets directly in 
superspace [38]. The operator T := A2 is special; it is the supercurrent and is extra-short. It 
has independent components up to fourth order in the odd variables. It also contains all of the 
conserved currents in the theory. The operator A^ is also extra-short; it has components up to 
sixth order in the odd coordinates but contains no conserved currents. All other operators in the 
sequence are full single component analytic superfields with independent spacetime components 
up to eighth order in the odd coordinates. 

One-half BPS 

As well as the CPOs one can also have multi-trace one-half BPS states by taking products of 
the CPOs. These operators all have Dynkin labels of the form [OOOQOOO] and are therefore given 
as single-component superfields on analytic superspace. The simplest example is which has 
charge 4 and hence is in the same representation as A4. 



17 



One-quarter BPS 



The other class of series C operators are the one-quarter BPS states which have Dynkin la- 
bels [00p(7|?00]. These are represented by analytic tensor superfields which have p derivatives 
with both the primed and unprimed indices totally anti-symmetrised. (The Young tableau 
< 0, 0, 0,p > has p boxes in a single column.) If p = 1, these operators are covectors on analytic 
superspace, and the simplest example of this class is the operator [0013100] which can be written 
explicitly as 

Oaa' = d^A[A'TdB^B']A3 + - (47) 

where the dots denote further terms required to ensure that the operator is a primary field. 
Note that these operators, and all other tensor operators, involve derivatives and so must be 
multi-trace. In the classical theory there are also operators which transform under one-quarter 
BPS representations which are single-trace. However, these are descendants of long operators 
and are not BPS in the quantum theory. The simplest example of this behaviour occurs for the 
representation [0020200]. There is a double-trace BPS operator in this representation 

Oaba'B' = d[A[A'TdB]B']T + ... (48) 

There is also a single-trace operator: in the free theory (but with an SU{Nc) group) this can be 
written 

OabA'B' = tlo{[d[A[A'W, W] [dB]B']W, W]) (49) 

but this expression does not generalise to the interacting theory because of the absence of a 
covariant derivative on analytic superspace. A systematic study of these operators is given in 
[8, 9]. 

Series B and series A protected 

A series B operator which saturates the series B unitarity bound has Dynkin labels [OOn^n/inc-^nQnj] 
where ng = n-r+1 and ns = (or [rain2ra3?i4ra500] with n-2 = ni + 1 and = n3+ni+2). 

The true (protected) series B operators in this class are at least triple trace, but there can be 
descendants in the classical theory which are single- or double-trace. The scalar series B opera- 
tors which saturate the unitarity bound have Dynkin labels of the form [00(g -|- 2)pgl0]. They 
have dimension L = 2g + p + 3 which must be at least six as they are triple-trace. The simplest 
example has p = Q and g = 3, and therefore has SU (4) labels [503] and L = 9. It can be written 
as 

OaBCDE,A'B'C'D'E' = dAA'TdBB'dcC'^sdDD'dEE'^i + • • • (50) 
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where the unprimed indices are antisymmetrised, and the primed indices are put in the < 0014 > 
Young tableau pattern. 

A series A protected operator has n2 = ni + 1 and ng = ny + 1. The simplest example of this 
type of operator has Dynkin labels [0102010]; it is explicitly given by 



This is symmetric on both pairs of indices. The internal Dynkin labels are [020] and, since 
Ji = J2 = 0, this corresponds to a scalar operator on Minkowksi superspace. It is the square 
of the supercurrent in the real 20-dimensional representation of S'C/(4). The fact that this 
operator, and some other series A operators, are protected was inferred from correlator results 
[7, 39, 40, 41]. The simpler explanation in terms of representations was given in [6] where 
many other examples are discussed. Note that the representation itself does not determine a 
protected operator of this type; there can be other realisations which have the same quantum 
numbers in the free theory but which become reducible in the classical interacting theory and 
long in the quantum interacting theory. For example, the representation [0102010] can also be 
realised as a product of the Konishi operator and the supercurrent in the free theory. In the 
classical interacting theory it is reducible, and can no longer be written as a tensor field on 
analytic superspace because this would require gauge-covariant analytic superspace derivatives 
acting directly on W . In the full quantum theory this operator transforms under the irreducible 
representation [0(1 + 6)020(1 + 6)0] and has anomalous dimension equal to 26. 

Semi-protected operators 

These are series A operators which saturate one, but not both, unitarity bounds or series B 
operators which do not saturate the unitarity bound. The simplest series B example has labels 
[0040020]. The right-hand tableau is a 2 x 2 square while the left-hand one is four boxes in a 
column. It can be realised explicitly as 



where the unprimed indices are in the tableau < 0004 > (totally antisymmetric) and the un- 
primed indices are put into the < 0, 0, 2, 2 > tableau. It is interesting to observe that the 
right-hand 0l(2[2) representation belongs to the series of long representations TZabc described in 
the next subsection. So, as far as this subgroup is concerned, there are nearby representations 
with non-integer values of n2- However, since the left-hand side is in a short representation of 
the second £|[(2|2), and since the left and right sides are related because = 0, it follows that 
712 must remain integral in the quantum theory and so the operator will be protected (in the 
absence of an anomaly). 

An example of a series A semi-protected operator is given by [0202210]. It can be realised as 



Oab,A'B' = d(^AA'TdB)B'T + ... 



(51) 



Oabcd,A'B'C'D' = dAA'TdBB'Tdcc'doD'T + ... 



(52) 



OaBCD,A'B'C'D' = dAA'TdBB'TdcC'doD'A^ + . . . 



(53) 
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with the indices projected onto the representations specified by the tableaux < 0022 >, for the 
unprimed indices, and < 0013 > for the primed indices. 

Long operators 

The long operators are series A operators for which neither bound is saturated. The simplest 
example is the Konishi operator. On Minkowski superspace it is an unconstrained scalar super- 
field with dimension L = 2 + 25. The Dynkin labels are [0(1 + 6)000(1 + 5)0]. To view it as a 
superfield on analytic superspace it is useful to consider first the representation [0200020] . This 
corresponds to a tensor with the primed and unprimed indices both in the representation with 
tableau < 0,0,2,2 >, i.e. a 2 x 2 square. In section 6 we shall show that this gives a scalar 
superfield on super Minkowski space. Indeed, all of the two-column tableaux < 0, 0, A;, A; >, > 2 
have the same number of components and also correspond to scalar supcrfields on Minkowski 
superspace. Moreover, one can take k to be non-integral as long as A; > 1 without changing the 
number of components. 

There are also long operators which can be represented as tensors on analytic superspace in the 
classical interacting theory but which become quasi-tensors in the quantum theory. These must 
be multi-trace. The simplest example is [0200020] . On analytic superspace this is 

C>ABCD,A'B'C'D' = d[AA'dB]B'Td[cC'9D]D'T + ■ ■ ■ (54) 

where both sets of indices are projected onto to the 2x2 square tableau representation. In 
real Minkowski superspace this operator is simply the square of the supercurrent in the singlet 
representation of SU{4). 

3.2 Reducible representations 

Any unitary irreducible representation of the = 4 superconformal group can be represented 
by a Dynkin diagram with labels [ni, . . .ny], subject to the constraint (12), as we have seen. 
Moreover, one can find how to describe the tensor fields which carry these representations on 
any coset of the superconformal group with parabolic isotropy group by crossing through some 
of the nodes. As we have indicated, this procedure specifies the parabolic subgroup and also 
determines the tensor structure of the field which carries the given representation. In general, 
such a field may be subject to further differential constraints, as in the case of a scalar field 
on Minkowski space. However, for analytic superspace this is not the case; the representations 
are automatically irreducible by holomorphicity. A general analytic superspace is characterised 
by the property that it only has crosses through internal nodes, whereas harmonic superspaces, 
Minkowski superspace and super twistor spaces have crosses through the white nodes and/or 
the external black nodes which correspond to the spacctimc spin labels (for the basis choice 
we have been using). This means that fields on these superspaces may need to satisfy further 
constraints in order to carry irreducible representations. 

For some series A operators it can happen that a superfield in the interacting classical theory 
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describes a reducible, but not completely reducible, representation. This situation corresponds 
to the existence of descendant operators which transform under short representations in the 
classical theory but which do not exist as independent representations in the quantum theory 
due to the presence of anomalous dimensions. That is to say, in the quantum theory, the original 
long representation becomes irreducible. This problem has recently been studied at great length 
in [10]; here, we show that it has a very simple description in the analytic superspace formalism. 
It is related to the notion of quasi-tensors discussed in [19]. 

To illustrate the phenomenon, consider first the N = 2 theory on analytic superspace. The 
super Dynkin diagram for this space is 

ni n2 m n4 715 

• e X e • (55) 

An irreducible representation is specified by the Dynkin labels [ni, . . . n^]. Tensor fields will 
transform linearly under the two 5[(2| 1) subalgcbras. A general 0[(2| 1) Young tableau is specified 
by three labels < mi, 777,2, 777,3 > and these are related to the (left-hand) 5t(2|l) Dynkin labels by 



7772 — rni = ni 



1712 + 1713 = 7Z2 



(56) 



so that the sl(2|l) representation is left unchanged by adding m to mi, 1712 and subtracting m 
from m^. For representations with rni 7^ it is possible to use this freedom to bring the tableau 
to the canonical form, mi = 0. There are two classes of representations, the long, or typical 
ones. 



(57) 



corresponding to the 5l(2|l) labels [a, a + b], and the short, or atypical representations. 



a+l 

7^„ = m • • • m (58) 

for which the labels are [a, a + 1]. The latter representations have non-negative, integral values 
for a, whereas the former have non-negative integral values for a but b can be any real number 
such that b > I. 

If we let 6 = 1 we apparently get TZai = TZa- However, this is not so. In fact, as one lets b tend 
to 1, one finds that the representation Rab becomes reducible at 6 = 1, although not completely 
reducible. We therefore have 



lim7^„^,^7^„+7^a_l (59) 



This point was discussed explicitly in [19]. 
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Now let us consider the g[(2|2) case relevant to = 4 superconformal symmetry. In this case 
there are again two types of representation which we denote T^abo T^ac with Young tableaux 
and Dynkin labels 



'^abc 



[a,a + b,c], b > 1, a, c>0 



(60) 





a + 1 




c 


[a, a + 1, c] a, c > 




[0,0,c+l] a = 


= -l,c > 



There is also the trivial representation, TZq, which must be treated separately in this case. For 
these representations a and c are integral while b can again be non-integral. Again we observe 
that the limit of TZabc as 6 1 appears to be Rac but this is not so. In fact we find 



lim TZabc = T^ac + 7^a-l,c+l (62) 
01— >1 



In terms of Dynkin labels this reads 



lim [a, a + 6, c] = [a, a + 1, c] + [a — 1, a, c + 1] a>l (63) 

lim[0,6,c] ^ [0,l,c] + [0,0,c + 2] (64) 
&i— >i 

As in the N = 2 case one can carry out this limiting procedure explicitly. The representations 
TZabc for fixed a and c all have the same number of components for any real value of 6 > 1. 
When one takes the limit one finds explicitly that the representation becomes reducible at 6 = 1 
according to the pattern we have just described. This can be seen explicitly by taking traces 
of the representations as was done in [42] (although a different representation of the Young 
tableaux was used in that paper). 

In the field theory context the continuous label b is related to the anomalous dimension of an 
operator, and the limit b 1 can be viewed as the classical limit. The reducible representation 
obtained at the limit can be viewed as the ancestor of the descendant representation given by 
the smaller of the two representations (the second one) on the right-hand side of equation (63) 
or (64). 

There are operators which transform under limiting representations for both the left and right 
£|[(2|2)s. In this case the original representation will split into four in the limit. An example of 
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this is provided by the Konishi operator, [0(1 + 6)000(1 + 5)0] which sphts into the irreducible 
representations [0100010], [0100200], [0020010] and [0020200] at 6 = 1. These correspond to 
the free Konishi operator, two series B descendants and a series C descendant. As noted in 
[10] series C operators of the form [OOlplOO] cannot arise as descendants, as one can see from 
(64), and so must be protected. It also follows, from (63), that series A short representations of 
the form [a{a + l)OpO{a + l)a] cannot arise as descendants although they can occur as limiting 
reducible representations. A similar statement holds true for short series B representations of 
the form [a{a + l)qp{q + a + 2)00]. 

4 Two- and three-point functions 

In [19] it was shown how one can solve the psl(4|4) Ward identities and write down 2- and 
3-point functions of arbitrary protected operators in iV = 4 SYM. It was also argued that these 
formulae can be extended to unprotected operators, which can have non-integer dilation weight, 
if we extend the definition of a tensor superfield to quasi-tensor superficlds. The formulae can 
also be generalised straightforwardly to 4-point functions and higher n-point functions in which 
case we also have to include functions of invariants. It was also shown that all 2-, 3- and 4-point 
functions of protected operators are automatically covariant under the bonus C/y(l) symmetry. 
At first sight it appears that this argument might extend to unprotected operators as well. 
This is not the case as we shall sec. In this section we shall only consider representations with 
(half)-integer dilation weights. In analytic superspace these can all be written as analytic tensor 
superfields and the point about f/y(l) covariance can be illustrated in this case. 

We shall be considering solutions to the p5[(4|4) Ward identities for an n-point correlator, 

< 12 . . . n >:=< Og^, {X,)... O^^,^ (X^) > (65) 

where the operators transform as in (24). The Ward identities state that the correlator must be 
invariant under super conformal transformations. In other words 

n 

(5 < 12 . . . n >= + ^Mi) + ^i(A) + QAi) < 12 . . . n >= (66) 

i=l 

where Ai := A{Xi) Di := D{Xi). Throughout this section, we shall assume that the Young 
tableaux corresponding to the representations TZi are in canonical form. As we have seen, it is 
always possible to make this choice. A discussion of the C/y (1) properties of correlation functions 
in Minkowski superspace was givne in [44]. 

4.1 Two-point functions 

First we shall consider the 2-point formula given in [19]: 

< Og^,(l)Og,^(2) >~ (5l2)'27^(X^2^)7^'(X^2^) (67) 
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where X12 := Xi — X2, and the propagator gi2 is defined by 



5i2:=sdetXr2^ = ^ = |i^ (68) 



where 



X12 = X12 - XuVuT^u (69) 
yi2 = yi2 - T^uXiiXu (70) 

and matrix multiphcation is imphed, with the inverses having downstairs indices {x~^)ct'aj 
{y~^)a'a- In the above formula, one takes I factors of X^2 (/=total number of primed or 
unprimed indices), with the unprimed indices in the TZ representation (in other words, tak- 
ing symmetric/antisymmetric combinations as dictated by the (canonical) Young tableau for 
the representation TZ), this automatically puts the primed indices in the TZ representation as 
well. Similarly, one then takes another / factors of X^2j with the primed indices in the TZ' 
representation (which also puts the unprimed indices in this representation). 

One can check that this satisfies the Ward identities (66), given that 



VX12 — A1X12 + X12D2 

= A2X12 + X12D1 (71) 
Vgi2 = -(Ai+A2)5i2. (72) 

The propagator takes care of the QjAj terms, and the Xs take care of the s((2|2) transformations. 

In this formula for the 2-point function we have assumed that the Young tableau for TZ is in 
canonical form (20). We know, however, that there are other Young tableaux which can specify 

the same S'L(2|2) representation (19). We can ask whether they might not be used instead to 
satisfy the Ward identities. This is indeed true, although in the case of the 2-point function we 
obtain the same answer as before so the 2-point function is unique. For higher-point functions 
we can obtain different solutions in this way. 

To illustrate this point, consider the replacement of the Young tableau TZ =< 0, rii, n2 — ni,n^ + 
n2 — ni > by the Young tableau 5 =< m, ni + m, n2 — ni — m, ns + n2 — ni — m > instead of 
TZ which carries the same representation of sl(2|2). One can show that 

< Og^,(l)Og,^(2) >~ {g^2)'^-^S{m)-^S{X^^)E{m)TZ'{X^^) (73) 

is also a solution to the Ward identities. This is, however, a trivial statement as this expression 
is in fact equal to the previous expression in (67). In fact, if two representation spaces are related 
by 5 = £{m)TZ, then we have 
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5(Xf2') = (sdetXl2)-™^(m)7^(Xl2)^(m)-l = {gi2r8{m)n{Xi2)£{m)~^ (74) 

which is the finite version of equation (41), vahd as long as ^ GL{2\2). This formula 

is easy to check: it is obviously true in the case X G S'L(2|2), since both IZ and S have the 
same Dynkin labels, and thus correspond to the same 5*^(212) representation. Clearly both 
sides of the equation are representations of GL(2|2), so we just have to show they are the 
same representation. One therefore just needs to check that the equation is true for the matrix 
Y = (lia.g{d,d\d~^ ,d~^) since one can obtain all GL(2|2) matrices by multiplying an SL(2|2) 
matrix by 1". In fact one just needs to check that the highest weight state transforms in the 
same way under y, the correct transformation properties of all the other states is guaranteed 
at the Lie algebra level as we can generate all other states by applying lowering operators from 
S[(2|2). 

4.2 Three-point functions 

The formula for 3-point functions, given in [19], is 

<123> ~ (512)^^^523)'^^^ (531 X 

^2 {X{2 )a2B^ ^2 i^U )b2A2 ^3 (^13^ ) AjB^ ^3 i^l3^ ^ t (X123 )f ^^f 

(75) 

where 

<123> = <0|;^,(1)02^,(2)02^,(3)> (76) 
Qij = ^{Qi + Qj - Qk), (77) 

-^^123 = -'^12-'^23^"^31 (78) 

and the notation Aj^ i = 1,2,3 represents all the unprimed indices of the operator at the point 
i, which together carry the representation TZi, and similarly for A^. Then the indices i = 2, 3 
must also carry the representation TZi and must carry the representation TZ'-. 

The tensor f is a monomial function of (-^123)"^"^', (-^^123)^'^' S^', with index structure as 

shown. In general there are many different possible such monomials and the complete three-point 
function will be a linear combination of all the possibilities. We will get further restrictions on 
the allowed non- vanishing correlation functions due to analyticity in the internal y coordinates 
which we will consider later. 

In contrast to the case of 2-point functions, we can obtain new solutions to the Ward identities 
at 3 points by using Young tableaux which are not in canonical form. This results in solutions 
of the same form as (77) but with factors of 6. Because 6 is not pg[(2|2) invariant, the powers 
of the propagators have to be adjusted accordingly. 
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4.3 Transformation of correlators under PGL(4|4) 

N = A super Yang- Mills is only invariant under PSL{4\4) not PGL(4|4), but we can ask what 
implications the invariance under PS'L(4|4) has for PGL(4|4) transformations. In particular, we 
can examine the transformation of the correlators, obtained in the previous section by solving 
the PS'L(4|4) Ward identities, under the enlarged group PG'L(4|4). 

In the examples to be discussed below we shall suppose that all of the operators have canonical 
tableaux. We shall say that such a correlator has U(1)y charge p if 

(Vi + TZiiAi) + Te^A) + QAi) <l...n>=pA' <l...n> (79) 

1=1. ..n 

where V defines a p0[(4|4) transformation. Note that this definition makes sense even if one 
cannot assign a definite U{1)y charge to a given operator. 

The following two results can be seen relatively straightforwardly: 

• All 2-point functions have vanishing f/y(l) charge. 

To see this simply consider the expression for the 2-point function < 12 > (67). Since TZ and TZ' 
are Young tableaux such that mi = m[ = 0, one finds, under a p0l(4|4) transformation, that 

(Vi + V2 + n{Ai) + n'{A2) + n'{Di) + 71(02) + g(Ai + A2)) < 12 >= (so) 

where V is the vector field generating this transformation. This follows because the formulae 
given in (71) and (72) remain valid in p0((4|4), as one can easily verify. Thus the 2-point 
function has vanishing C/y(l) charge since the Young tableaux are in the canonical form with 
mi = m'l = and there is no term involving the Uy{^) parameter A'. 

Note that this result does not necessarily mean that the 2-point function is PGL(4|4) invariant. 
If one considers a two-point correlator of the form of an operator and its conjugate, the total 
U{1)y charge is zero implying PGL(4|4) invariance. However, one can also consider the two- 
point function of one operator and the conjugate of another which transforms in the same way 
under PS'L(4|4) but which has different U{1)y charge. Since U{1)y is not a symmetry of the 
interacting theory, there is no reason why such correlators should vanish. In this case, the U (l)y 
charge of the correlator would still be zero whereas the charge required by PGL(4|4) symmetry 
would be equal to that of the charged operator. This applies particularly to long operators. One 
would therefore expect the diagonal combinations not to have well-defined U{1)y charges. In 
principle, the same reasoning should apply to semi-protected operators. 

• All 2-, 3- and 4-point functions of protected operators have vanishing C/y(l) charge and are 
invariant under PGL(4|4). This follows because the Young tableaux for protected operators 
have mi = m\ = as mentioned at the end of section 2.3. For n = 2, 3 the n-point functions 
satisfy the equation 

+ TliiAi) + n[{Di) + QiAi) < 1 . . . n >= (81) 

i=l...n 
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where again V is the vector field generating the pgl(4|4) transformation. Since all Young tableaux 
in this expression must be in the canonical form (i.e. with mi = 0) this has charge zero. In this 
case the correlator is PGL{A\4) invariant (i.e. satisfies PGL{A\4) Ward identities S < 1 . . .n >= 
0.) This is because there are no protected operators with non-zero U{1)y charge. 

For four or more points, such correlators can be written in terms of explicit functions involving 
the Xs and the propagators gij multiplied by functions of the invariants. Because there is no 
freedom in the choice of tableaux for such operators, the former give rise to U{1)y invariant 
expressions, and so the U{1)y invariancc of n-point functions of protected operators depends on 
the U{1)y properties of the invariants. As we know, the 4-point invariants are invariant under 
U{1)y while this is not necessarily true at 5 or more points [18]. This will be discussed in more 
detail in section 7. 

4.4 < LAq.Aq, > 

We denote the chiral primary operators by Aq, Aq := tiiW^). A 3-point function with one ar- 
bitrary operator and two chiral primary operators will have vanishing C/y(l) charge as predicted 
in [22] . Prom the formula for three point functions (75) we obtain 

< O^^Aq^Aq, >~ 7^(X^2^3)5?2"5?3"^2t' (82) 

We can again assume that 7t is in canonical form, and thus we can see that this expression 
has zero C/y(l) charge. As in the case of two-point functions this does not always mean the 
correlator is PGL(4|4) invariant, since one could have an operator O^^^, on the left-hand side 
with non-zero C/y(l) charge, but the right-hand side would still have zero [/y(l) charge. 

4.5 A correlation function with non-zero f/y(l) charge 

We shall now consider examples of correlation functions which do have non-zero t/y(l) charge. 
The simplest example one can construct involves two series C vector operators and one long 
operator 

< 123 >=< 0%0%%,0% > (83) 

where both sets of indices on the first operator are in the representation TZ =< 0033 >, Qi = 
6 + d, Q2 = 2 + d2, Qs = 2 + d^. The ds can be identified with the central Dynkin label of 
the representations. The operators at points 2 and 3 are such series C operators with internal 
quantum numbers given by [Idjl], i = 2,3. 

The solution (77) to the (ps[(4|4)) Ward identities is 

< 123 >~ g?r9?i'9^riXu)B'D{X{2')D'B{X^s%'EiX{i)E^^ (84) 
There are many possible solutions depending on the choice of t. One possibility is 
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C''^^' = p (5^,5f,«5(xr,^3)^,) (85) 

where we have written A = {Ai, A2, A) and similarly for the primed indices. The representation 
<S corresponds to the tableau < 0022 > and P projects the A and A' indices onto the tableau 
< 0033 >. One can check that this is analytic in the internal coordinates if 



d + d2-d3 > 2 (86) 
d + d3-d2 > 2 (87) 
d2 + d3-d > 4. (88) 

Under a p0l(4|4) transformation this solution satisfies the equation 

J2 (H + MAi) + n\{Di) + Qil^i) < 123 >= (89) 
1=1. ..3 

and therefore has vanishing i7y(l) charge. 

However, we can also exhibit a solution involving the £^-tensor. It is 



< 123 >~ g^,''-'^gg''-'^gg''^^X-')B'D{X{2')D'B{X{i^^^ (90) 
where 

^dd;,ee' ^ ^.,p ^sl6l6^;6%2S{X^^3)u^ (91) 

where P projects onto < 0033 > on the unprimed covariant indices and onto < 1122 > on the 
primed indices. The then acts on the primed indices to bring them back into the < 0033 > 
pattern. 

This solution is valid (i.e. analytic in the internal coordinates) when 



d + d2-d3 > 1 (92) 

d + d3-d2 > 1 (93) 

d2 + d3-d > 1. (94) 

Under a PGL{4\4) transformation this solution satisfies 

{Vi + TliiAi) + 7^^(A) + QAi) < 123 >= A' < 123 > (95) 

j=1...3 
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This is again a solution of the superconformal Ward identities (since for PS'-L(4|4) transforma- 
tions A' = 0) but it has non- vanishing Uy{1) charge. 

One would expect a general 3-point function of this type to be given by a linear combination of 
the above solutions (and other possible solutions) so that the 3-point function of such operators 
will not have a well-defined Uy{1) charge. 

This example can be generalised to more complicated three-point functions of the same type, 
i.e one-quarter BPS series C operators at points 2 and 3 and a long operator at point 1 with 
suitably chosen representations. The construction can be further extended in two ways: the 
long operator can be allowed to be a quasi-tensor (which is the interesting case in practice), and 
it can be replaced by a semi-protected operator. In all of these cases the basic principle is the 
same: one can find two (or more) different solutions of the Ward Identities involving two (or 
more) different representations of 5t(2|2) which are equivalent in 5l(2|2). 



4.6 Semi-protected operators 

The proof that 3- and 4-point functions involving protected operators are ?7y(l) invariant de- 
pended on both the left and right GL(2|2) representations of both operators being short and 
therefore does not apply to series B operators which do not saturate the series B bound or to 
series A operators which only saturate one unitary bound. This is because for these opera- 
tors, although one GL(2|2) representation is short, the other is long. We call such operators 
semi-protected; even though the operators themselves are non-renornialiscd [6]. 2- and 3-point 
functions involving them are in general not ?7y(l) invariant. Despite this, however, it is still 
possible to show that the 2-point functions of semi-protected operators are non-renormalised 
using a slight generalisation of the usual argument. 

The non-renormalisation of the two-point functions of semi-protected operators is proved using 
the reduction formula which relates the derivative of the two-point function with respect to the 
complex coupling r to the three point function involving an insertion of the energy-momentum 
supercurrent: 

^ < CO >~ j d/io < ToOd > (96) 

where d/xo = d^xd^Ad^y. It will be important to note that the measure has C/y(l) charge +2. 

We now show that the correlation function involving T, one semi-protected operator, O, and its 
conjugate operator, O, 



< TOjs'O^' > (97) 

can have C/y (1) charge at most 1 so the right-hand side of (96) vanishes. Note that previous non- 
renormalisation theorems relied on the fact that the correlation functions were i7y(l) invariant, 
i.e. had charge zero. Here the indices A and A' are in the same short representation TZ which 
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has an L-shaped Young tableau < 0, m2, 1, 1714 >, while the B and 5' indices are in an arbitrary 
(long) representation S which we assume to be canonical (mi = 0). 

Before writing down the three-point function, we make a small digression on the three-point 
function of two vector operators and one T. Prom the general formula (75) we have 

< TOaB'ObA' >~ iX^2)c'A{X^2)B'D{^i3)D'B{Xi^)A'ct{^l23)'~^^ ''^^ (98) 

where we have omitted the propagator factors. There are two possible choices for t: 



(a) t^^''^^' = {X,,sf^' (Xus)^^' (99) 
(5) t^^''^^' = iX,,sf^'{X,,,f^' (100) 

These lead to the following solutions for the three-point function: 



(a) < TOab'Oba' > ~ {X2i)A'A{X2^i)B'B (101) 

(6) < TOaB'ObA' > ~ {^312)a'b{X22i)b'A (102) 

The idea now is to rewrite the three-point function (97) making use of these two basic solutions. 
That is, we factorise the TZ and S representations, and write a solution of type (a) for the first 
factor multiplied by a solution of type (b) for the second factor. In addition, in order to obtain 
a non-zero U{1)y charge, we shall have to change the primed (or unprimcd) long representation 
5 to a non-canonical one, 5, with m'^ = m, say. We then have to supply an appropriate factor 
of £ to return the indices into the same representations as the left-hand side. A solution of this 
form is 

x£{m)~^ P (tIi{X~^)a^a'^ T^2{X~^)b^b:^ "^3(^213)52^12 '^'^^^zvi) a^b;^ 

where we have split the multi-indices into two sets A {A^,A2) etc. The operator P projects 
the A and A' indices onto the representation TZ, the S indices onto the representation S and the 
indices onto the S representation. Finally, the £ tensor acts on the indices to bring them 
back into the representation 5. The S Young tableau is in non-canonical form with m'l = m. It 
defines the same SL{2\2) representation as S but they differ in GL(2\2). Such a solution, if it 
exists, will have U(1)y charge m. 

For the projection operator P to give a non-zero result we clearly require that TZ is contained 
in the tensor product TZi (8) TZs, and similarly for the other indices. So we must have 
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7^l (8) 7^3 3 n 
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(104) 



7^l «) 7^4 3 n 
7^2 «) 7^3 9 s 
n2®nA 3 s. 



(105) 
(106) 
(107) 



Now clearly a long representation multiplied by any other representation will still be long. There- 
fore, since 71 is short (104) and (105) imply that T^i, TZ^ and 7?.4 are all short representations. 
Similarly, a representation in canonical form (with mi = 0) cannot be obtained in the tensor 
product of a representation with nii ^ and any other representation (this can be seen by 
considering the multiplication of Young tableaux). Since «S is in canonical form, by assump- 
tion, (106) implies that TZ2 must be in canonical form (mi = 0). Finally, (107) tells us that 
>S is contained in the tensor product of a Young tableau in canonical form {Tl2) and a short 
representation(7?.4) . 

For a semi-protected operator in series A, the Young tableau for TZ has the form < 0,k,l,q + 
2r -I- s — (A; -I- 1) > while the Young tableau for S has the form < 0,s,r,r + q >. Now let us 
suppose that <S is < 2, s + 2, r — 2, (r + g) — 2 >, so that m = 2, and that the tableau for Tl2 
is < 0,p2,P3,P4, >■ When 7^2 is multiplied by any representation, the third and fourth tableau 
numbers cannot be diminished, so that, at most, ps = r — 2 and p4 = (r + g) — 2. Suppose this 
is the case, then since the two left-most columns of S and S differ by a subtableau in the form 
of a 2 X 2 square, it follows that the TZs factor of the short representation TZ should contain 
such a subtableau. But this is impossible since 7?. is a short tableau in the form of an L (with 
arms which both have single-box width). Clearly the situation is not improved by reducing p^ 
and/or p4, so we conclude that there is no solution with m = 2. The situation is even more 
constrained as we increase m, whereas it is possible to obtain m = 1. We therefore conclude 
that the maximum value of the U{1)y charge of the three-point correlator (97) is 1. This holds 
in series A, but it is also true in series B. In fact, the result is easier to see in this case because 
TZ only has m4 ^ 0, and this certainly cannot have a subtableau in the form of a 2 x 2 square. 

In conjunction with the reduction formula this result implies that two-point functions of semi- 
protected operators are non-renormalised since the measure on the right-hand side of the reduc- 
tion formula has U{1)y charge —2. 

Such arguments do not seem to extend to the case of three-point functions, however, and we 
expect three-point functions involving semi-protected operators to receive quantum corrections 
in general. Indeed, as we have remarked, three-point functions with one semi-protected operator 
and two series C operators will in general violate U (l)y symmetry. 

4.7 Compcirison with earlier results 

In reference [22] it was conjectured that three-point functions of short operators and three-point 
functions with one long and two short operators should obey the U{1)y selection rule, i.e. that 
such correlators would vanish unless the sum of the U{1)y charges is zero. As we have seen, in 
the interacting theory, it is not clear that a general long or semi-protected operator has a well- 
defined U{1)y charge, but we can nevertheless rephrase the conjecture in terms of the U{1)y 
charges of the correlators which we have defined for the case when all the operators involved 
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have canonical Young tableaux. In addition, short operators were taken to be CPOs in [22], i.e. 
single-trace one-half BPS operators, and long operators were also taken to be single-trace. We 
can therefore update these earlier results by replacing the short operators of [22] by arbitrary 
protected operators, and by allowing semi-protected operators and arbitrary long operators. 

For the two-point functions we agree with [22] in the sense that, as we have seen, the ^7(1)^ 
charge of any two-point function must vanish. However, this does not necessarily imply C/(l)y 
symmetry of such correlators because of the fact that this group is not a symmetry of the 
interacting theory. As we have mentioned, one can therefore have non- vanishing correlators 
of two operators which transform under conjugate representations of ps[(4|4) but which have 
different U{1)y charges. The diagonalisation of sets of long or semi-protected operators with 
the same ps[(4|4) quantum numbers would therefore be expected to yield orthogonal operators 
with ill-defined U{1)y charges. 

For three-point functions of short operators we agree with [22]. Indeed, all protected operators 

have zero U{1)y charges (as superfields; the higher components within a supermultiplet will be 
charged), and all two- and three-point functions of such operators also have vanishing U{1)y 
charge and arc invariant under pg[(4|4) [19]. 

Three-point functions with two CPOs or, more generally, two one-half BPS operators and one 
long or semi-protcctcd operator will have vanishing U(1)y charge as we have seen, although this 
does not necessarily imply U{1)y invariance. This is in agreement with [22] in the sense that the 
charge of the correlator vanishes. On the other hand, three-point functions of two more general 
protected operators and one long or semi-protected operator need not have vanishing U{1)y 
charge. As wc have shown, there are three-point functions with two series C one-quarter BPS 
operators for which one can explicitly exhibit solutions with zero and non-zero U{1)y charges 
indicating that the charge of the correlator itself is not well-defined. 

5 Superconformal invariants in analytic superspace 

In this section we shall consider the construction of rational superconformal invariants (under 
the group PS'L(4|4)) of n points in analytic superspace. These form a ring I which has a 
nilpotent ideal J\f. All of the elements of the quotient ring Q := I/Af were given in [23], but 
it has subsequently become apparent that there are indeed nilpotent invariants [18] starting at 
n = 5 points. In fact, as pointed out in [11], elements of Q are invariant under U{1)y and 
hence under the larger group PGL(4|4). The fact that there arc no nilpotent invariants for 
< 4 is one way of interpreting the non-renormalisation theorems for 2- and 3-point correlators 
of protected operators. In reference [29] a sketch was given of how one might construct the 
invariants completely. Here, we complete the procedure, at least in principle, and also show how 
to detect the presence of non-[/"(l)y invariants in a straightforward way. 

5.1 Coordinate approach 

Consider the transformation 
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5Xi = B + AX., + XiD + XiCXi, i = l,...n, no sum on i 



(108) 



where Xi is the supercoordinate X^"^' of the ith point. We are looking for functions F{Xi , . . . Xn) 
which are invariant under the above. We first solve for translations B. If we change coordinates 
to (Xi, Xii),i = 2 ... n we find that F is independent of Xi. Now consider the transformation 
of Xii under C, 



Sc^ii = XiCXi-XiCXi 

-XuCXii + XiCXii + XuCXi (109) 

For the inverse we therefore have 

ScX^' = C- {CX,)X-^ - X-^{X,C) (110) 

At this stage we can regard F as being a function of the n — 1 inverses X^-^ and change variables 
to Xi2 and n — 2 variables Yi defined by 

yr'^=Xu-Xu^ i = 3,...n (111) 
We note, for future reference, that 

Yi = Xi2X2j^ Xii := Xi2i (112) 

We have 

6cYi = YiiCXi) + {XiC)Yi (113) 
and so the invariance of F under C implies 



BF 

ScF = {C-{CX^)X^i-X^2Hx^C))—^ 

+ J2{Y^{CX,) + {X,C)Yi}^ = (114) 
i=3 ' 

Now F is independent of Xi so the above should be valid for arbitrary values of this coordinate. 
Taking Xi = we see that F does not depend on X^2- Thus F depends only on the (ra — 2) Yi^s 
and the residual transformation reduces to linear transformations of type A and D. Hence, if F, 
as a function of the Yi, is invariant under the linear A and D symmetries it will automatically 
be completely invariant. 

The A and D transformations are 



33 



5Yi = AYi + YiD 



(115) 



so if we change variables again to I3 and := YjY^^ ^, i = A, . . . n, we find that the Zs do not 
transform under D, only under A: 

5Zi = AZi - ZiA (116) 

The ZiS can also be written as 

Zi ■— X12 [x:^lXiiX~^X2,2) x^2 (11''') 

The function FiY^, Zi) will then be an invariant if 



{AY^ + YsD)-^^ + f^iAZi - Z,A) A I F = (118) 



Now in = 2 analytic superspace we can easily solve for invariancc under D transformations. 
This superspace is defined in a similar way to = 4 analytic superspace but now the internal 
indices a, a' only take on one value each. The matrices A and D are 9[(2|1) matrices with 
strA = strD. This means we can take A to be straceless and use D to conclude that F must be 
independent of 13. So invariants in AT = 2 analytic superspace are functions of (n — 3) variables 
Zi which are (2|1) x (2|1) supermatrices and which transform under the adjoint representation 
of5[(2|l). 

In iV = 4 the situation is a little more complicated because we cannot remove the straccs from 
the matrices A and D in an invariant manner. However, a similar result can be obtained after 
some redefinitions. By using all of the parameters in D except for the supcrtracc, one can show 
that F depends only on the Zs and W := strls. The invariance condition is now 

5^^^' + + ^^^Ipf = ° ^^^^^ 

i 

If we replace Zi by 

Z'i := MZiM-'^ (120) 

where 




M=\ " "1 (121) 

and where each entry in M is a 2 x 2 matrix, we find 
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5Z[ = [J^,Z'^ 



(122) 



Writing the parameter matrix in 2 x 2 block form as 



T Ai 

where Aq^Ai are even and F, A are odd, we find 



t° I] (123) 



^' = ( ^1 ) (124) 



where 



A'q = Ao-\sii{A + D) 

o 

= Ai + \sii{A + D) 

o 

r' = w~^T 

T' = (125) 



Note that str^' = ^str(^ — D) = A', the U{1)y parameter. So we can regard A' as a general 
0l(2|2) matrix. If we now drop the primes on both the Zs and A we find that an n-point analytic 
superspace invariant F is a function of n — 3 (2|2) x (2|2) supermatrix variables Zi subject to 
the differential constraint 

E[A^.]U=0 (126) 
The finite version of the transformation of the Zs is 



Zi ^ GZiG-^ (127) 
where G can now be regarded as an element of GL(4|4). 

Note that the unit matrix in A drops out of (126), so that this equation expresses invariance 
under the adjoint action of pg[(2|2) on the Z variables. Furthermore, if we restrict A to satisfy 
sir A = 0, then F will be invariant under PS'L(4|4); however, if F is invariant under unrestricted 
A transformations then it will be invariant under PGL(4|4). So this approach gives a very simple 
way of distinguishing the two types of invariant. Alternatively, if we use the finite version, then 
(127) defines a PGL{2\2) transformation; if F is invariant under transformations of the Zs for 
which sdetG = 1 it will be PS'L(4|4) invariant, whereas if G is unrestricted it will be invariant 
under PGL(4|4). 
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The final step in the construction of invariants is to solve equation (126) (or (127)). One way 
of doing this is to look for invariant polynomials in the components of the Zs. For a fcth degree 
moynomial this is equivalent to looking for invariant tensors of k covariant and k contravariant 
C^l^ vectors. The simplest such invariants are given by taking supertraces of the Zs and these 
coincide with the invariants found in [23]. However, for a sufficiently large number of indices, 
one can use the f-tensor which is invariant under 5[(2|2) but not under 0[(2|2) - these invariants 
will clearly not be invariant under U (l)y . This tensor has twelve indices and so requires a sixth 
degree monomial in the Zs. The six covariant indices should be projected onto the tableau 
< 0033 >, while the upper indices should be put in the < 1122 > tableau arrangement. Clearly, 
this cannot be done with only one Z, and so the lowest number of points at which one can 
construct a non-U {1)y invariant is therefore = 5 as we know from other arguments. 

In summary, approaching the problem in this way, the n-point invariants arc formed from 
homogeneous polynomials of the (n — 3) Z variables by suitably contracting the indices with 6s 
or the invariant tensor £. Those which involve the latter will not be invariant under C/(l)y. 

An alternative way to carry out the last step is to use up the remaining parameters to reduce the 
number of components contained in the Zs. Let us consider first the simpler case of n = 4 points 
in ordinary Minkowski space. We can apply a very similar analysis to this case and conclude 
that the n-point invariants are given by (n — 3) 2 x 2 matrix variables Zi which transform at the 
final step by Zi i— > gzig~^ where g G SL{2). For n = 4 we only have one z variable, and so one 
way of constructing the invariants would be to form traces of products of zs. Only two of these 
are functionally independent, so that there are two 4-point invariants as expected. Another 
approach is to use the g transformation to bring z to a diagonal form, z = diag(xi,X2). This 
form is invariant under infinitesimal ^-transformations for which A is diagonal and traceless. 
So the two invariants can be replaced by the eigenvalues xi,X2. For more than four points 
we can use the residual g transformation to remove one more variable leaving us with 4n — 15 
independent invariants for n > 5. Wc remark that the variables xi,X2 arc those used in ref [43] 
in their discussion of 4-point functions (and denoted x,zhy the authors). 

Now let us return to the super symmetric case. Again we start with n = 4 points, and only 
one Z. By a finite transformation of the form Z GZG^^, G G GL(2|2) we can bring Z to & 
block-diagonal form. In other words, we can eliminate all of the odd variables in Z. Moreover, it 
is in principle possible to find the matrix G which effects this change. We can then diagonalise 
the two 2x2 even submatrices to make Z diagonal, Z = diag(Xi, X2]Yi, 12)- This means 
that there are 4 independent superinvariants at n = 4 points, and they are all invariant under 
U{1)y- They can also be written as str(Z^), p = 1, . . . 4. At 5 or more points, we can eliminate 
the odd variables of one Z^ say, as before. There is a residual (infinitesimal) symmetry 
consisting of diagonal matrices A which corresponds to only 3 parameters as the unit matrix 
does not act. We can use two of these parameters to bring the even 2x2 submatrices of Z5, 
say, to triangular form, and this form is preserved by As of the form A = diag(a/2, ^'-^2)- So 
the only residual transformation is in fact U{1)y which acts only on the odd coordinates, half 
with positive charge and half with negative charge. At this point it looks as if we can construct 
odd invariants as well as even ones, but these are in fact not rational because of the fractional 
powers of W used above in the redefinitions of the Zs. The redefinition (120) affects only the 
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odd coordinates and requires them to occur in particular combinations. In fact, if we write 



Z = 




(128) 



then each invariant must involve the odd variables in the form O^cj)^ where p — q = mod 4. This 
is another way of spotting U{1)y invariance, since those invariants which do have this symmetry 
will have p = q in each contributing term. 

5.2 Grcissmannian approach 

In reference [23] A'' = 4 superconformal invariants in analytic superspace were discussed in a 
slightly different formalism. We briefly review this and then use the S tensor to construct the 
missing invariants, not invariant under PGL{4\4). We first consider the space U of (2|2) x (4|4) 
matrices of maximal rank. This space is acted on in a natural way by GL(2|2) from the left and 
GL(4|4) from the right. We can then form the quotient space GL(2|2)\1LJ. This can easily be 
identified with the Grassmannian of (2|2) planes in C^l^, and is another description of analytic 
superspace. It is straightforward to see that only PGL{4\4) acts on analytic superspace. 

We shall now consider the construction of n-point invariants on this space. With each point i 
we associate Ui € U. An invariant F is then a function of the us which is invariant under each 
GL{2\2)i (one for every point) separately, and under Uj Uig, g G PGL(4\4) jointly. We can 
single out two points, 1 and 2, say, and form the (4|4) x (4|4) matrix uu formed by taking the 
upper rows to be given by ui and the lower rows to be given by U2- This matrix transforms 
from the left by hu := diag(/ii, /12), hi G GL(2|2)j. We now define two families of (2|2) x (2|2) 
matrices by 



where the numerical superscripts on the inverse matrix denote the projections onto the corre- 
sponding submatrices. These matrices are invariant under GL(4|4) and transform by 



Li := Ui{ui2f, 



i = 3,. . . 
i = S, . . . 



n 



n 



Ki 1-^ hiKih 
Li \—>- hiKih. 



-1 



-1 



Set 



Mi = {Ki)-'Li 



'11 



i = 3, . . . 



n 



(129) 



to obtain (n — 2) matrices which transform only under hi and /i2, 
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Mi ^ hiMih^^ 



(130) 



The matrices 



Ni = MiM^'^, i = 4,...n (131) 
are invariant under /t2 and transform under the adjoint representation of GL(2|2)i, 



Ni ^ hiNih^^ (132) 

GL(2|2) invariants constructed from the n — 4 A^s will then be invariant under PGL(4|4). These 
invariants are the supertraccs, or, to put it another way, one can consider a polynomial in powers 
of the matrix elements of the A^s and hook the indices together with the invariant matrix 5. 
These were the invariants identified in [23]. They are non-nilpotent and in fact determine the 
elements of Q. However, as we now know, one can also form S'L(2|2) invariants using the S 
tensor. The simplest one requires at least two A^s and so occurs at five points. At first sight it 
might seem that such objects are not actually defined on the quotient space because they are 
only invariant under S'L(2|2) and not under GL(2|2), but this can easily be remedied. If we 
define 



W := sdet ui2 sdet M3 (133) 

then W transforms by 



W (sdet hi)^ sdet g W (134) 

Now any 5L(2|2) invariant function of the {Ni}, not invariant under GL(2|2), will transform by 
some power p of the superdeterminant of hi , and this can be compensated for by multiplying it 
hj W 2. The resulting object will be defined on the coset and is invariant under PSL{4\4) but 
will clearly not be invariant under PGL{4\4). These are the superconformal invariants which 
are not invariant under the U{1)y bonus symmetry. 

It is easy to compare this formalism with the coordinate approach. One can fix the local GL(2|2) 
symmetries by choosing representatives of the form 



X ^ s{X) = (1, X)eU (135) 

at each point. One can then convert the invariants from the Grassmannian formalism to those 
of the coordinate approach. 
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5.3 Application 



We are now in a position to solve the Ward Identities for n-point correlation functions of arbitrary 
operators in the A'^ = 4 superconformal field theory in terms of propagators, known functions of 
the coordinates and arbitrary functions of the invariants which we have just seen how to con- 
struct. The propagator factor absorbs the dilation weights of the operators; in general, it is not 
uniquely determined, but any two admissible propagator factors will be related to one another 
by an invariant function. As in the case of the three-point function, each point j,j ^ 1, can be 
translated to point 1, say, by using X^^^ in the appropriate representation. One then absorbs the 
free indices by tensors t which are monomials in the variables Xi2k = ^i2^2k ^ki- k = 3. . . . n 
and their inverses. The t-tensors may also involve 5s and Ss, and the presence of the latter 
requires the propagator factor to be adjusted appropriately. In general, there will be many 
possible ts and each independent one can be multiplied by an arbitrary function of the n-point 
invariants and the coupling constant. Any such solution will then be subject to the constraint 
that it should be analytic in the internal y coordinates. This prescription solves the superconfor- 
mal Ward Identities for all components of all correlators of arbitrary gauge- invariant operators 
in the theory. The schematic form of the solution is 

< 12..n >= U]^2T^j{X-l)mX^') ^ 4J^^^^-•^=^P,F, (136) 

t 

where the sum is over the possible tensors t, Pt denotes an appropriate propagator factor, 
which will depend on t if the latter involves factors of 5, while TZi and 7^^,i = l...n, are 
the representations of the primed and unprimed 0t(2|2) algebras under which the operators 
transform. Each Ft is an arbitrary function of the invariants and the coupling which is restricted 
by analyticity. The formula makes sense if the correlator includes long operators because the 
objects TZ{X) can be defined for quasi-tensors [19]. Moreover, non-integral powers on the internal 
coordinates are cancelled by similar factors in the propagators. The same comment does not 
apply to the spacetime coordinates so that the formula is perfectly compatible with analyticity 
in the internal bosonic coordinates and anomalous spacetime dimensions. 

The analysis of the restrictions imposed by demanding analyticity was carried out in detail 
for the case of a four-point function in iV = 2 with four operators of charge two in [45] (this 
case arises in the N = 2 decomposition of the four-point function of iV = 4 super currents, 
for example). This type of analysis can be expected to be quite complicated for a general 
correlator. However, it was found that the OPE can help significantly in the analysis of the 
analyticity properties of four-point functions of one-half BPS operators in = 4 and one would 
expect that this should also be the case for more complicated correlators [42]. Other related 
studies of four-point correlators of one-half BPS operators using the OPE can be found in the 
literature [39, 43, 46, 47]. 
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6 Conclusions 



In this paper we have shown that the analytic superspace formahsm can be used fruitfully in 
the study of arbitrary gauge-invariant operators in N = 4 SYM. It is a convenient formalism 
to use for the classification of explicit gauge-invariant operators, simplifies the discussion of 
reducibility at threshold and allows one to solve for correlation functions in terms of propagators, 
explicit functions of the coordinates involving the 0l(2|2) representation matrices, and functions 
of invariants. We have also shown how to obtain all superinvariants in analytic superspace. In 
order to complete the analysis of all correlation functions in the theory from the point of view of 
superconformal invariance one needs to take into account the restrictions imposed by analyticity 
in the internal even coordinates as we have just mentioned. 

As has been shown elsewhere, the formalism can be used to give a compelling non-perturbative 
argument in support of the non-renormalisation of two- and three-point functions of arbitrary 
protected operators, including one-quarter BPS series C operators, one-eighth BPS series B 
operators and short series A operators. However, as we have seen, the situation is more subtle 
for the case of semi-protected operators which can arise in series A or B. These operators 
have non-renormalised two-point functions even though the three-point function with an extra 
supercurrent is not U{1)y invariant. This is because this correlator can have U{1)y charge at 
most equal to one. Generically, however, we expect that three-point functions involving such an 
operator together with two protected operators will be subject to renormalisation effects. 

The analysis of the properties of two- and three-point functions is greatly facilitated by the use 
of the £ tensor. This makes it easy to keep track of the U{1)y properties of operators and 
correlators and is also very useful in the construction of nilpotent superconformal invariants. 
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Appendix: from analytic to harmonic superspace 



Representations of the superconformal group are perhaps more familiar as superfields on Minkowski 
superspace or harmonic superspace. In this section we show how one can go from an analytic 
superfield (generally with superindices) to a harmonic superfield. 

Let us suppose we have two coset spaces Mj = Hi\G,i = 1,2 such that Hi C H2. Then Mi is 
a fibre bundle over M2 with fibre Y = Hi\H2. A tensor field /2 on M2, transforming under an 
induced representation of G, is equivalent to an equivariant field F : G ^hy which we mean 
F{h2u) = TZ{h2)F(u), where u £ G, ft,2 £ H2 and where TZ denotes a linear representation of 
H2 on the vector space V. If S2{x2) denotes a local section M2 1— s- G, then the tensor field is 
given locally by f2{x2) = F{s{x2))- We can define a related field fi{xi) on Mi as follows: in 
local coordinates we can write xi = {x2,y), y being the fibre coordinates, and we can write a 
local section si : Mi G as .si(.ti) = s{y)s2{x2) where s{y) is a section Y — ^ H2. We can then 
put = F{s{xi)) = F{s{y)s2{x2)) = TZ{s{y)) f2{x2) ■ This construction gives a field on Mi 

which transforms as follows under G: 

fi{xi) ^ {g ■ h){xi) = n(hi{xi,g))fi{xi ■ g) (137) 

where 

s{xi)g = hi(xi,g)s{xi ■ g) (138) 

As a tensor under Hi fi will in general transform reducibly, but in the case of interest it is easy 
to select the required irreducible representation. 

We shall now show how to construct fields on (4, 2, 2) harmonic superspace starting from fields 
on (4, 2, 2) analytic superspace. The relevant fibration is 

• ® • X • ® • 

i 

• e • X • e • (139) 

where the top line represents (4,2,2) harmonic superspace. This diagram indicates that the 
fibres in this case factorise into left-hand and right-hand parts. These can both be represented 
by the subdiagram 

• ® • 

i 

• e • (140) 

The top line here represents the coset space H\GL{2\2) where H is the set of matrices of the 
form 
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• 







• 


• 








• 

V • 


• 
• 


• 
• 


• 



(141) 



where the buhets represent non-zero elements. The bottom Unc has no crosses and thus corre- 
sponds to a point. So in this context one takes a Hnear representation of GL(2|2) and Hfts it to 
the coset. This coset space has only fermionic coordinates so that we are effectively rewriting 
tensors (or quasi-tensors) as "superfields" which depend on the odd coordinates of the coset but 
not on the space-time coordinates. We can do this with both factors, take the product and allow 
the fields so obtained to depend on the coordinates of analytic superspace. In this way we shall 
have written the latter as fields on harmonic superspace. 



Representations of supergroups as superfields. 

We shall write an arbitrary finite dimensional irreducible representation of GL(2|2) as a super- 
field on the coset space H\GL{2\2) 

A coset representative of this space is given by 





/a 








(142) 



The Dynkin diagram for this space is 



• ® • (143) 

and we see that the cross splits the diagram into two GL{2) representations. We accordingly split 
the indices ^ as ^ = (a, a) with a, a both running from 1 to 2. We shall write a tensor carrying 
GL(2|2) indices A as a superfield carrying GL{2) x GL{2) indices (a, a). A representation of 
GL(2|2) will decompose into different representations under GL{2) x GL{2) but we need to 
select the irreducible one. Prom the triangular structure of the isotropy group one sees that this 
representation will be the one with the maximum number of a-type indices. A simple example 
is given by the defining representation Va- The required field is 

Va ■= VB{S-Ya = K " Ypp^ (144) 

which clearly contains both Va and Va- On the other hand Vb{s~^)^ a = is in fact 

not irreducible under H. (We use the inverse of S in order to get a left representation.) In 
the general case the index structure of the required superfield can be read off from the Young 
tableau (145): 
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m4 


7713 





U GL(2|2) D GL{2) x GL{2) (145) 

so the superfield has mi + m2 a indices and raj, + 777.4 a indices arranged according to these 
Young tableau. One converts from a tensor to a superfield by multiplying the tensor by 7773 + 7774 
copies of s^\, and 7771 +7772 copies of s^^, contracting the tensor indices with the corresponding 
upstairs indices of s^Bi and putting the remaining indices into the correct representation. 

Note that the superfield can be straightforwardly converted into a superfield with 7772 — 777i a 
indices and 7774 — 7773 a indices by applying e-tensors. This new superfield will now transform 
with a C-charge. 

As another example consider the symmetric representation Vab with Young tableau < 0, 0, 1, 1 >. 
It can be written as a "superfield" v^h where 



Vah = VAB{S-Tbis-Ya{-1)^^+''^' = Kb - 2F;3[a/;,] + V^pP^f^, (146) 

The minus sign can be viewed as follows: we want to contract {s~^)^a directly next to the A 
index 'before' the B index. Since we can not do this we commute s past the b picking up the 
minus sign in the process. In this example the a, b indices are anti-symmetric and so one can 
multiply by e to obtain v := e°'^Vab- 

Notice that in this example, as for the fundamental representation, the superfields do not have 
a maximum possible theta expansion, and are thus 'short'. This shortness can be expressed as 
a constraint on the superfield, which in the above two examples reads 



D^^^v,) = D^D°"v = (147) 

where := d/dp'^, and where indices of both types are raised or lowered with epsilon tenors. 
These are the origins of the quarter BPS constraints and the constraints on short scalar fields 
which saturate the series A unitary bounds. 

In [42] the representations of GL(2|2) were classified into long and short representations, the 
long ones corresponding to m.^ > 1 and the short ones corresponding to 7773 = 1 or 7773 = (with 
the canonical choice 7771 = 0). On writing the tensor representation as a superfield one finds 
that the long or typical representations have full superfield expansions (in p) whereas the short 
or atypical representations (such as the ones given in this example) have some terms missing in 
the theta expansion. For example one can easily convince oneself that the representation with 
Young tableau < 0, 0, 2, 2 > has a full p expansion and hence is a long representation. 
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Analytic superfields as harmonic superfields. 

We can now apply this construction in order to write superfields on (4, 2, 2) analytic superspace 
as superfields on (4, 2, 2) harmonic superspace. We can simply apply the results of the previous 
subsection to the left- and right-handed GL(2|2) isotropy groups. 

We have the coset representatives 



p and rj will become the extra coordinates that harmonic superspace has in addition to those 
of analytic superspace. To obtain a superfield on harmonic superspace from one on analytic 
superspace, simply multiply the analytic superfield on the right by s~^{p) and on the left by 
s'{ri) in the way described in the previous section and then choose the component with the 
maximum of internal indices. 

For example, a one-half BPS state A has no indices, so it lifts trivially to harmonic superspace. 
It does not depend on the extra (p, rj) coordinates as we would expect. The independence of A 
of (p, rj) can be expressed in terms of differential constraints: 



DIA = D^,A = 0. (149) 

where, in the coordinates (x. A, tt, y, p, 77), we have defined := d/dp^; D^, := djdrf^, . 

Now consider a one-quarter BPS operator with Dynkin labels of the form [OOldlOO] where 
Q = d -I- 2 is the Q charge. For any value of d an operator of this type is represented on analytic 
superspace by a covector field, yA'A(x, A,7r,y), say. It lifts to a superfield Va'aix, ^^jiTjy, p,ri) in 
harmonic superspace where 



= Va'a-Va'pp^a + Va''^'V/3'a-Va''^'Vp>pp^a. (150) 

This is also a constrained superfield on harmonic superspace as can be seen by the fact that it 
has a short p expansion. Equation (147) shows that the constraints are given by 



Da(aVb}b' = Da'^a'Ubb') = 0- (151) 

This example makes it clear that we can write any analytic superfield as a harmonic superfield in 
terms of the coordinates (x""', A""', vr'*"', y'*"', p", r/"'"'). Whilst analytic superfields are always 
unconstrained we see that on lifting to harmonic superspace the resulting harmonic superfields 
often satisfy constraints. The constraints satisfied by irreducible superconformal representations 
on (a slightly different) harmonic superspace are given in [12]. 

Harmonic superspace is Minkowski superspace extended by the internal coordinates y and there- 
fore has the standard coordinates of complex super Minkowski space (x^', 0°*, <p°') together 
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with the internal coordinates y'*"'. If we split the odd Minkowski coordinates in two pairs, 
and 93°' = ((^"'"995 ), then the two sets of coordinates for harmonic supcrspace 



are related as follows: 



^aa' ^ ^a'a _^yaa'^^a^ (152) 



"a 



Pa 

We can rewrite this in the language of GIKOS by introducing a matrix ti/* G S'L(4). For (4, 2, 2) 
harmonic superspacc wc split the internal coset index into two doublets / = (r, r') and convert 
SL{4:) indices to coset indices using u and its inverse in the standard way. In this notation 
G-analytic fields depend only on a;""' , 9°''^' and ipf , where 

= xti' + ^(rVr' - ^°"Vr') (153) 

The link between the two notations is made by choosing a gauge for u of the form 

Finally, to go to real superspacc in the conventions of [26, 27] one needs to replace each Minkowski 
superspace coordinate z by —iz and then impose the reality conditions, x = x,Lp = 6. In the 
real case the internal symmetry group becomes SU (4) . Note also that the x coordinate we are 
using is the usual one for analytic space which is often denoted xa in the literature. 
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